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Abstract

The static light scattering was measured on aqueous Nal solutions of 1-decylpyridinium
iodide (DePI) at 25°C and the dependence of its micelle molecular weight on Nal concen-
tration was studied. As a result, it was shown that DePI micelle does not undergo any
salt-induced shape transition and therefore remains normal spherical over the whole Nal
concentration range from 0 to 0.080 moldm 2, as opposed to 1-dodecylpyridinium iodide mi-
celle reported to undergo the salt-induced sphere-rod transition at 0.007 moldm~3 Nal. At
0.050-0.080 mol dm 3 Nal, however, the second virial coefficients were observed to be nega-
tive, and it was suggested that the interaction between spherical micelles of DePI would be
attractive and therefore the molecular weight of DePI micelle would increase with increasing

Nal concentration.
Keywords: alkylpyridinium halide surfactant; added salt effect on micelle size; salt-induced

shape transition; normal spherical micelle

1 Introduction

Most ionic surfactants whose hydrophobic chain is longer than the decyl one can form rod-
like micelles in aqueous salt solutions, when the simple salt with a common counterion is
added to a concentration exceeding a certain threshold [1]. We have previously reported that
1-dodecylpridinium chloride (DPC) [2] and bromide (DPB) [3] and 1-tetradecylpyridinium (TPC)
and 1-hexadecylpyridinium chlorides (CPC) [4] form spherical micelles alone even in a saturated
solution of the corresponding sodium halide at 25°C, whereas 1-dodecylpyridinium iodide (DPT)
forms rodlike micelles above 0.007 moldm™ Nal at the same temperature [5]. DPC, TPC and
CPC form the normal spherical micelles above 0.05 x 1073, 0.015 x 10~3 and 0.0034 x 1073
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moldm~3 NaCl, respectively, but only the loosely packed spherical micelles at the lower NaCl
concentrations [2,4]. Consequently, micelles of these alkylpyridinium chlorides undergo the salt-
induced shape transition from the loosely packed spherical micelle to the normal spherical micelle
at threshold NaCl concentrations mentioned above. DPB forms the normal spherical micelles be-
low 0.30 mol dm~3 NaBr, but the special spherical micelles having a constant aggregation number
of 70.7, called the constant size spherical micelle in this article, at NaBr concentrations from 0.30
to 6.00 mol dm ™3 [3]. Such constant size spherical micelle was reported by Anacker [6] for CPC in
aqueous NaCl solutions at 30°C.

In this study, we measured static light scattering on aqueous Nal solutions of 1-decylpyridinium
iodide (DePI) at 25°C and studied the dependence of its micelle molecular weight on NaCl con-
centration in order to confirm whether DePI micelle undergoes some salt-induced shape transition

and whether DePI form the loosely packed or the constant size spherical micelles.
2 Experimental

Materials. 1-Decylpyridinium iodide (DePI) was synthesized from l-iododecane and pyridine.
ACROS Organics 1-iododecane was used without any purification. Pyridine was purchased from
Nacalai Tesque, Inc. and dried over molecular sieve 3A before use. A mixture of 1-iododecane
(102.6 g, 0.38mol) and dry pyridine (64.5¢, 0.79mol) was refluxed at 120°C for Th. After the
mixture was cooled in an ice-water bath, the precipitates obtained were recrystallized three times
from acetone-diethyl ether (1 : 2v/v) mixture. The desired surfactant (64.8g, 49% yield) was
obtained as a pale-yellow crystal.

As shown in Fig. 1, the surface tension of aqueous solutions of the DePI sample shows no min-
imum around its critical micelle concentrations (cmc), 2.23 x 1072 moldm 3. This cmc value of

DePl is in good agreement with the literature value of 2.25 x 1072 moldm =3 [7].
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Fig.1 Relationship between surface tension, v, and logarithm of concentration, C', for aqueous solutions

of DePI at 25°C. Surface tensions were measured by the drop weight method.
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Apparatus. Light scattering was measured on a Laser Light Scattering Photometer DLS-700
manufactured by Otsuka Denshi Co., Inc., Japan. The incident light was vertically polarized light
of 488 nm generated by a 7mW argon ion laser, and both vertical and horizontal components
of the scattered light were collected. The photometer was calibrated with purified benzene, as
previously described [3]. The temperature was regulated to 25 & 0.2°C, by circulating constant
temperature water from a Julabo F10-VC Thermostat. Solutions and solvents for light scattering
measurements were filtered 4 or 5 times through a Millipore filter with a 0.10 or 0.22 pm pore size.

The specific refractive index increment was also measured at 488 nm and 25+ 0.1°C on a Differ-
ential Refractometer RM-102 with a 50 W iodine lamp, manufactured by Otsuka Denshi Co., Inc.
Its calibration method was also described previously [3].

The refractive index of aqueous Nal solutions at 488 nm and 25°C was evaluated from the concen-
tration dependence of the difference of refractive index between Nal solution and water, measured
by the above differential refractometer. We calculated the refractive index of water at 488 nm and

25°C from tabulated values at other wavelengths [8].

3 Results and Discussion

Excess reduced scattering intensities, Rgg — RY,, of aqueous Nal solutions of DePI are shown
in Fig. 2 as a function of surfactant concentration, ¢ (gcm™3) at various Nal concentrations,
Cs (moldm~3). They are almost zero below the critical micelle concentration, ¢ (g cm™2), but

increase with increasing surfactant concentration above cg.
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Fig.2 Excess reduced intensity of scattered light from aqueous Nal solutions of DePI. Cs / (moldm™?):
O, 0; A, 0.001; [J, 0.005; @, 0.010; ©, 0.020; W, 0.050; A, 0.060; ¥, 0.070; <, 0.080.

The critical micelle concentration, Cy (moldm=2), of DePI decreases with increasing Nal con-

centrations, as given in Tables 1. It follows the Corrin-Harkins equations:

log {Cp/ (moldm™*)} = —0.6931og {(Co + Cs) / (moldm™?) } — 2.77 (1)

— 3 —
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Table 1 Critical micelle concentration, specific refractive index increment, and optical constant of aque-

ous Nal solution of DePI and refractive index of solvent.

CS/ o CO/ Co/ (8ﬁ/8c)cs K/
(mol dm_3) (10_3 g cm_3) (10_2 mol dm_3) /(cm3 g—l) (10_7 mol cm? g_2)
0 1.3367 8.12 2.34 0.1681 5.836
0.001 1.3367 8.04 2.32 0.1679 5.822
0.005 1.3368 7.30 2.10 0.1680 5.830
0.010 1.3369 6.86 1.98 0.1676 5.803
0.020 1.3371 5.78 1.66 0.1678 5.819
0.050 1.3378 3.90 1.12 0.1676 5.797
0.060 1.3380 3.71 1.07 0.1674 5.799
0.070 1.3383 3.50 1.01 0.1674 5.803
0.080 1.3385 3.26 0.94 0.1671 5.783
y T y T T T
1.6 .
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Fig.3 The Corrin-Harkins plot for DePI micelle in aqueous Nal solutions.

for DePI, as shown in Fig. 3. The slope of Corrin-Harkins plot, —0.693, agrees well with the
literature value for DPI, —0.703 [5]. On the other hand, the intercept, —2.77, is larger than the
one for DPI, —3.837[5], as reflects the less hydrophobicity of DePI than DPI.

Fig. 4 shows Debye plots for micellar solutions of DePI. They give straight lines with positive
slopes at 0.001-0.020 moldm—2 Nal. At 0 moldm—2 Nal, the reduced intensity increases with in-
creasing surfactant concentration, but the rate of its increase gradually decreases. Such behavior
was observed on light scattering from aqueous solutions of some other ionic surfactants [3-5,9].
It has been attributed to changes in the degree of counterion binding[9,10]. At the higher Nal
concentrations, 0.050-0.080 mol dm 3, the reduced intensity decreases with increasing surfactant
concentration, as observed for DPI which undergoes the salt-induced sphere-rod transition [5].
However, it continues to decrease and does not have a minimum observed for DPI [5]. Therefore,
at the Nal concentrations observed, DePI micelles remains spherical and does not undergo the
sphere-rod transition.

The linear relationship between reduced intensity and surfactant concentration follows the equa-

Y
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Fig.4 Debye plots for aqueous Nal solutions of DePC. Cs / (moldm™3): O, 0; A, 0.001; [J, 0.005; @,
0.010; ©, 0.020; W, 0.050; A, 0.060; ¥, 0.070; <, 0.080.

tion

K (¢ —¢) 1
—X = — 4+ 2B(c— 2
Rgo— Ry, M (e = co) )

where M is the micelle molecular weight and B is the second virial coefficient. The optical constant,
K, for the vertically polarized incident light is given by
4?90 /de)g, )
Nt

where N, is Avogadro constant, A the wavelength of the incident light, 7y the refractive index
of the solvent, and (97/0c), the specific refractive index increment of solution. At the Nal
concentrations of 0 and 0.050-0.080 mol dm~3, although the Debye plot is not linear, its adequate
extrapolation to the infinite dilution of micelle is possible. It has been assumed that Eq. (2) would
hold in the limit of zero micelle concentration.

Table 2 gives values of micelle molecular weight and second virial coefficient, together with those
of micelle aggregation number, m, which calculated by dividing M by surfactant molecular weight,
for DePI. The micelle molecular weight and aggregation number also indicate that DePI micelles
are spherical at all Nal concentrations investigated.

The salt-induced shape transition of ionic micelles is most clearly revealed by plotting the loga-
rithm of micelle molecular weight against the logarithm of ionic strength or counterion concentra-
tion [1]. The ionic strength is given by concentrations of the surfactant monomer and the added
salt, Cy + Cg, because the monomer concentration remains almost constant above cmc. Fig. 5
shows such double logarithmic plot for DePI micelles in aqueous Nal solutions. The plot gives a

straight line, expressed by

log M = 0.343log {(Co + Cs) / (mol dmfg)} +4.81 (4)
0 < Cs/ (mod dm™?) < 0.080.

The coefficient of log (Cy + Cs) was reported to be 0.305 for normal spherical DPI micelle and

— 5 —
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Table 2 Molecular weight, aggregation number, and second virial coefficient of DePI micelles in aqueous

Nal solution.

Cs / (moldm™®) M/10* m B/(1072 mol cm® g™ %)

0 1.72 495 1.57
0.001 1.72 495 1.18
0.005 1.86 53.6 1.10
0.010 2.00 57.6 0.88
0.020 2.03 585 0.31
0.050 2.37  68.2 ~0.29
0.060 2.43 700 —0.88
0.070 2.64 76.0 ~1.68
0.080 2.99  86.1 ~1.97

T T T T T T
5.0 i
45 .

b

o0

2

4.0- 4
3.5- .
i ) i 1 i 1
1.6 1.4 12

log {(Cp+ Cs) / (mol dm )}

Fig.5 The double logarithmic plot of molecular weight against ionic strength for DePI micelle in aqueous

Nal solutions.

1.885 for rodlike DPI micelle [5]. Judging by the aggregation number and the increasing rate of
micelle molecular weight with increasing ionic strength, that is coeflicient of log (Cy + Cs) in Eq.
(4), the straight line would correspond to the normal spherical micelle. However, the negative
second virial coefficients observed at the higher Nal concentrations suggest that the attractive
interaction would work between spherical DePI micelles and the molecular weight of DePI micelle
would increase with increasing DePI concentration and therefore does not eliminate the possibility
that DePI could form rodlike micelles. At least, in the concentration ranges investigated of Nal
and DePI, we conclude that DePI forms only the normal spherical micelles.

We thank Dr. Toyoko Imae for the use of a light scattering apparatus.
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Abstract

Human exposure to fine particulate matter (PMj 5) air pollution is known to cause adverse
health outcomes. The mechanisms by which PMs 5 affects human health are not yet fully
understood. However, accumulating evidence indicates that PM exposure induces oxidative
stress via the generation of reactive oxygen species (ROS), a process often characterized by
its oxidative potential (OP). Therefore, reliable tools are needed to estimate the oxidant-
generating capacity of PM. One of the most widely reported methods for assessing PM
oxidative potential is the ascorbic acid (AA) assay. This assay employs chemical analysis to
determine the time-course of the aqueous AA concentration during its reaction with chemi-
cal species present in PMs 5. The depletion rate of AA in solution is referred to as the OP
of the test sample. The AA concentration is quantified by conventional spectrophotometry
at a wavelength of 265 nm. However, determining the AA depletion rate requires multiple
measurements on a single sample, making it a labor-intensive method when analyzing large
numbers of samples. The purpose of this study is to develop a more simplified and user-
friendly AA assay by applying a flow injection (FI) system to measure the oxidation rate
of AA. The FI system was constructed based on an ultrafast liquid chromatography setup
without a chromatographic column. Dilution series of Cu(II) and Fe(II) were prepared, and
their OP values were investigated by absorptiometry at 265 nm using the constructed FI
system. As a result, the AA depletion rate increased with rising concentrations of both
metal ions in solution. The OP values were compared with those obtained via traditional
spectrophotometry. The results indicated no statistically significant differences between OP
values measured by the two methods, demonstrating the successful application of the FI
system for OP measurement.

Keywords: PM 5, Oxidative potential, Ascorbic acid assay, Flow-injection system
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1 INTRODUCTION

Many literatures indicate the association between airborne fine particulate matter (PMs 5) and
adverse human health effects [1-3]. Although the mechanisms underlying PM-related health effects
are not completely understood, growing evidence from biochemical assessments — such as DNA
methylation studies, animal models, and human biomarker analyses — indicates that exposure to
PM can induce oxidative stress in the body [4]. This offers a potential mechanism for PM tox-
icity. In addition, identifying the specific particle properties responsible for these health effects,
such as their physical and physicochemical characteristics as well as their chemical composition,
remains a challenge [5]. One of the leading hypotheses for how particles cause harm is that they
induce oxidative stress and inflammation, which can subsequently lead to disease — a process
often described by the term oxidative potential (OP).

Over the past few years, the OP produced by PMs 5 has attracted much attention, various
research suggested that many adverse health endpoints are due to the OP produced by PMs 5,
resulting in the generation of reactive oxygen species (ROS), and the excessive ROS cannot be
completely counteracted by the antioxidants in the body, leading to the beginning of inflamma-
tory responses. ROS are molecules or ions that may be present on PMs 5, originate from external
sources, or be produced intracellularly as by-products of oxygen-related chemical processes. They
are superoxide radical (Og ), hydrogen per oxide (H303), hydroxyl radical ( « OH), alkoxyl radical
(RO o), carbon-cantered radical (Ce) and singlet oxygen(Os). An increase in intracellular ROS
disrupts the existing balance between ROS and available antioxidants, which in turn leads to ox-
idative stress and various adverse health effects [6]. Consequently, OP has been widely recognized
in multiple studies as a more suitable indicator than mass concentration alone for assessing the
oxidative capacity of PM. Moreover, OP is considered one of the key mechanisms through which
PM toxicity exerts its effects on human health.

In vitro assessment of aerosol particle toxicity based on the determination of OP was first car-
ried out from the early 2000s. Since then, a variety of methodologies have been optimized and
applied to determine the OP of PM, generally including ascorbic acid (AA) assay (OPA4)[7,8],
dithiothreitol (DTT) assay (OPPTT)[9], glutathione (GSH) assay (OP%SH)[10] and TPT assay
(OPT™P)[11]. Compared with the methods mentioned, the AA assay appears to be the most
sensitive to transition metals[7,8]. The AA assay is employed to monitor the oxidation rate of AA
by measuring the remaining AA in the presence of metal species over a specific time interval. A
conventional spectrophotometer and quartz cuvette have been used to measure the concentration
of AA in solution. However, determining the depletion rate of AA requires multiple measurements
on a single sample, making it a labor-intensive method when analyzing large numbers of samples.

This study aimed to develop a simplified and user-friendly AA assay by applying a flow injection
(FI) system to measure the oxidation rate of AA for quantifying oxidative potential (OP). The OP
values induced by metal species, including Cu(II) and Fe(II), were determined using the FI system

and compared with those obtained via conventional spectrophotometry as a reference technique.
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2 MATERIALS AND METHODS

2.1 Instruments and Apparatus

The flow injection (FI) system was adapted from an Ultrafast Liquid Chromatograph (UFLC),
originally designed for rapid and high-resolution high-performance liquid chromatography (HPLC).
The system was operated without a chromatographic column and was used to monitor absorbance
at a wavelength of 265nm using a UV/VIS detector connected to a data processor. The UFLC
system consisted of an LC-20AD pump (Shimadzu, Kyoto, Japan), an SPD-20A UV/VIS detector
(Shimadzu, Kyoto, Japan), an injection valve, and a Chromatopac C-R8A data processor (Shi-
madzu, Kyoto, Japan), as shown in Figure 1. Phosphate buffer solution at pH 7.4 was used as a
carrier at a flow rate of 1.0 mL/min.

A spectrophotometer (AS ONE, model ASUV-3100PG) with a standard cuvette (Quartz, 10-
mm optical pathlength) was employed to compare with the OP obtained from the FI system.

Absorbance at 265 nm was measured using ultrapure water as reference.

CTO-10AS vp

1

ocooco

(D) 3“2----------’-
(A) Pump D EE--.--QQE:
-

Fig.1 Components of flow injection system for AA assay adapted from Shimazu UFLC
(A) LC-20AD pump (B) SPD-20A UV/VIS detector (C) Solvent container
(D) Injection port (E) Chromatopac C-R8A data processor

2.2 Reagents

Copper (II) sulfate pentahydrate (FUJIFILM Wako Pure Chemical, Osaka, Japan, special grade)
and iron (IT) chloride tetrahydrate (Kanto Chemical, Tokyo, Japan, first grade) were dissolved and
diluted with ultrapure water (Milli-Q ultrapure typel water, 18.2 M), Simplicity® water purifica-
tion system, Merck KGaA, Darmstadt, Germany) to prepare stock aqueous solutions of 0.010 mM
CuS0O,4 and 1.0mM FeCly aqueous solutions, respectively. Since the ability of AA depletion dif-
fered between Cu(Il) and Fe(IT) [12], 0.010 mM CuSO4 and 1.0 mM FeCl; solutions were used for
the AA assay. L-ascorbic acid (FUJIFILM Wako Pure Chemical, Osaka, Japan; special grade) was
dissolved in the ultrapure water to prepare the 10 mM solution used for the AA assay. Phosphate
buffer system at pH 7.4 was prepared by mixing 0.10 M KHyPO, (Kanto Chemical, Tokyo, Japan,

— 10 —
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special grade) and 0.10 M KoHPO,4 (Kanto Chemical, Tokyo, Japan, special grade) solutions in a

volume ratio of 1 : 4.

2.3 Measurement of AA depletion rate and OP

To investigate the Cu(II) and Fe(II) concentrations relating to the AA depletion rate, aqueous
solutions of CuSO4 (0, 0.10, 0.20, 0.30, and 0.50 pM) and FeCl, (0, 10, 20, and 100 pM) were
prepared in ultrapure water, and these test samples were stored at 37°C in a thermostatic chamber
before use. Subsequently, 0.1 ml of 10 mM ascorbic acid was added to 10 mL of test samples and
mixed immediately to give test solutions. Twenty pL of the test solution was injected to the FI
system, and absorbance at a wavelength of 265 nm were recorded at the start and at 1-minute
intervals for 10 minutes. Note that each measurement required approximately 3.5 mL of sample
solution by conventional spectrophotometry, whereas only 1 mlL was sufficient for injection into
the FI system.

Following the method reported by Souza et al. [13], the depletion rate of AA represents the con-
sumption of ascorbic acid over a specific time range. It is determined by applying linear regression
to the absorbance data (which are proportional to the loss of AA concentration) as a function of
time. Using the slope and intercept derived from the linear relationship between absorbance (or
instrumental response) and elapsed time, the AA depletion rate was calculated as equation (1)

[reductant]o dA;

AA depleti te (pM/min) = —
epletion rate (WM /min) » 7

(1)

where, p refers to the intercept of absorbance versus time, [reductant]y to the initial concentration
of AA (=99uM), and dd—“it to the slope. When using the Chromatopac C-R8A data processor, ab-
sorbance was recorded as the peak height of the voltage signal derived from the SPD-20A UV /VIS
detector. Therefore, the AA depletion rate can be calculated using either the peak heights or the
peak heights normalized to the initial value (¢t = 0), instead of absorbance.

Since the measured AA depletion rate tends to fluctuate depending on the experimental condi-
tions of each day likely due to the spontaneous degradation of AA in solutions without metal ions,
the blank measurements (i.e., 0M Cu(II) or Fe(II)) were conducted under the same conditions.

To assess the oxidative ability of the studied metal ions, the AA depletion rate of the blank was

subtracted from that of the sample to obtain the OP, as shown in equation (2).

OP = AA depletion rate of sample — AA depletion rate of blank (2)

2.4 Comparison of FI system with conventional spectrophotometric analysis

To demonstrate the validity of applying the FI system for assessing the OP of metal ions, the OP
values obtained from the FI system were compared with those measured using the spectrophotome-
ter at 1-minute intervals for 10 minutes. Statistical analyses, including the calculation of mean,
standard deviation, and t-test, were performed for each method and between the two methods
using Microsoft® Excel. Test samples were prepared for OP measurements by both techniques,
including 0.1 pM Cu(II), 10 pM Fe(II) and a mixed solution of 0.1 pM Cu(II) and 10 pM Fe(II).
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3 RESULTS AND DISCUSSION

3.1 Rate of AA depletion by metal ions measured by FI system

Figure 2 presents the time-course profiles of normalized peak heights for test solutions contain-
ing 0-0.5 1M Cu(II) and 0-100 pM Fe(II), as measured by the developed FI-AA assay. Each plot
represents the arithmetic mean of three replicate measurements. In most cases, the normalized
peak heights exhibited an approximately linear decrease over time, with the slope rising in terms
of its absolute value in proportion to the metal ion concentration. However, for all test samples,
the dependence deviation from linearity were observed with noticeable at higher concentrations
than the lower ones. It was according to research reported by Sugimoto et al. [14]. This suggests
that the reaction between ascorbic acid and metal ions may follow first-order kinetics in essential.
Accordingly, when evaluating the oxidative potential (OP) of individual species such as Cu(II) or
Fe(II), it would be appropriate to use the rate constant derived from a first-order reaction model.
On the other hand, the AA assay was originally developed as a method for assessing the toxicity
of complex mixtures such as PMs 5. For the purpose of comparing OP across different samples,
the current method — approximating the change in absorbance over a 10-minute reaction period
with a linear fit — is considered suitable. Therefore, the AA depletion rates were calculated from

the slope and intercept of the linear regression for each run based on Eq. (1).

Cu(Il) Fe(Il)
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Fig.2 Time-course of normalized peak heights of Cu(II) and Fe(II) solutions measured by the developed

FI-AA assay. Each plot represents the arithmetic mean of three repeated runs (n = 3)

The results are shown in Figures 3 and 4. The X-axis shows the concentration of metal ions in
the test sample and the Y-axis shows the AA depletion rate. Each test was conducted 3 times of
measurement, and the error bars indicate the standard deviation. The AA depletion rate increased
with increasing concentrations of both metal ions in the solutions. From the figures, it should be
noted that at a 1/100 concentration ratio of Cu(II) to Fe(II), Cu(II) exhibited the AA depletion
rate approximately three times higher than that of Fe(IT). This trend is consistent with the study
on effect of Werner-Type complex formation of Cu(II) and Fe(IT) on OPs assessed using AA Assay
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Fig.3 Relationship between Cu(II) concentration and the rate of AA depletion measured by developed

FI system. Error bars indicate the standard deviation of three repeated runs (n = 3)
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Fig.4 Relationship between Fe(II) concentration and the rate of AA depletion measured by developed

FI system. Error bars indicate the standard deviation of three repeated runs (n = 3)

reported by Sekine et al. [12] which OP measurements were carried out by spectrophotometer.

3.2 Comparative results of both techniques and statistical analysis

To avoid potential influences on the AA depletion rates of the blank measurements, the OP
values were calculated based on Eq. (2) and compared between this FI system and conventional
spectrophotometry, as shown in Table 1. As for 0.1 M Cu(II), the OP measured by the FI sys-
tem was 1.7 1M min~?!, which was equivalent to the value obtained by spectrophotometry (1.6 1M
min~1!). As for 10uM Fe(II), the OP values were 0.34 tM min~! (FI) and 0.31 pM min~! (spec-
trophotometry). In the mixed solution of 0.1 pM Cu(II) and 10 pM Fe(II), the OP increased to
2.5pM min~! by FI and 2.3 pM min~! by spectrophotometry. The OP values obtained from both
techniques show good agreement for all samples, with p-values from the t-test exceeding 0.05,
indicating no significant difference between the two approaches.

Overall, the results demonstrate that the FI system provides OP values comparable to those
obtained by the conventional spectrophotometric technique, assuring the reliability and validity of

the FI system for OP assessment.
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Table 1 Comparison of OP values obtained by the two techniques over five repeated runs.

OP in pM min*

. 1
Test solution OP in pM min measured by p-value
measured by FI system from t-test
Spectrophotometry
0.1 M Cu(II) 1.7£0.065 1.6+0.149 0.13
10 pM Fe(II) 0.34+0.06 0.314+0.13 0.66
Mixed 2.5+£0.14 2.3£0.10 0.14

4 CONCLUSION

The flow injection (FI) system was successfully applied to assess the oxidative potential (OP)

driven by metal ions based on the rate of ascorbic acid (AA) depletion, showing results consistent

with the OP values obtained by the conventional spectrophotometric technique. The AA depletion

rate increased with increasing metal ion concentrations, and Cu(II) exhibited approximately three

times more OP than Fe(II) at a 1/100 Cu-to-Fe concentration ratio. Statistical analyses indicated

no significant difference (p > 0.05) between OP values measured by the two techniques. These

findings shows that the FI system possibly provides reliable, accurate, and efficient determination

of OP with reduced sample volume, and the simplified and user-friendly AA assay was realized.
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Abstract

We compute the number of trisecant lines of curves in the projective 4-space P*, when the
curves are contained in a smooth del Pezzo surface of degree four. Given a curve in P?, its
trisecant line means a straight line in P* that intersects it exactly at three points (count-
ing with multiplicities). By its divisor class, every curve on that surface corresponds to a
six-tuple of integers in Z5 (satisfying some numerical conditions) and the tuple is called its
standard coordinate. In this paper, for every integer k at least six, we classify the classes of
curves having k trisecant lines by using their standard coordinates.

Keywords: trisecant line; space curve; del Pezzo surface

1 =
— 2, FHEEMICHORAEFNRESHREICH LT, EEEZEOC3 AU ETTbLERE
trisecant line & MR, L HAAD trisecant line (2 LClE, SF&FERTBATHENFEET S, Hillt

RO 4E R & LTI trisecant lemma 28I 5N THE Y, —# D secant line 7 trisecant line TH 5 & 9 %
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4 ¥k del Pezzo BHIH _E D ZEF HIAE D trisecant line DARELIZ DWW T

ZERIMIAE TS E TN L T L EREN TS ([1]). —F, P NOMIMO trisecant line OAFIZ
B L Cid, 1895 4E1C Berzolari |2 & » CROFENFEH S N7z - C CP* 2H¥ g, kI d OIFFEEM
MeTrEE, CPWERED trisecant line 2 0% 51X, TOXRIEHE L O T

(d-2)(d - 3)(d— 1)

6

2% L\ (Ballico-Cossidente [2] ZH#). Berzolari Off#i%, P NOBE#ME /8T A — 5 D11 % Gras-
mann 84 Gr(2,5) L CORABOFEL LEPNL 7280, trisecant line DARLUIFEHE Z A TOE
ZALETFOREL > TS, 512, trisecant line IFHHARE THE 3 HTRDOLZEMEIIRSE 2V &
RS 5. 72, MIEO trisecant line - 72078 & L Ti&, Russo-Stagliano [3] X* Bauer [4] %
EFHEN TS,

R LIZBWCIE, M C Cc P ICHLT, BEHEZEDTHE)E3HTEDLL L) RIE
WA C DIRED trisecant line L EFT L, 4 WILHHZEMNO del Pezzo T _F o Z2 [ #h#E o5k
F O trisecant line DAFLIZ DOV THNS. L Tih~X7: Berzolari 2 & % trisecant line Oz LIF A
1L, trisecant line DERDSE 25720, (52N b L) L3 HTRDD L) %) RO
trisecant line OAREUNI—HRIZ—F L v, FAEEELEDLHZ LT THL I s, BEDL
FO) trisecant line DEBEOREK L TRMEN A SN L. Z T TR TIE LEEOMBISH L, kgD
trisecant line OFEBEOREIZ DOV TEET 2. del Pezzo HiTHiIX 2 XICD Fano £k L TL CHIS
NEZEL 77 ZAOMATH Y, M EOZEMBFHICETIUEICOWTRARL -OIENTH . #l
2.1 XD, 4K del Pezzo i LMD trisecant line (&, M 10> 16 ROBEMO A IR S
NaH7-OMES L. 2512, 4K del Pezzo M FOMBHIIEEEREZ A5 L1248 D, Mabb
BT trisecane line DA Z KD B T ENITE 5.

IR ESHHE S ORIEHERNT —Kg "8 ECTHoHE X, ST del Pezzo BHE & MFIEN S, —Kg D
HORK R (—Kg)? % del Pezzo HE ORE &I, 15D 4K del Pezzo Ml Sy 1& (W3 1o 3 5
bH—HEMREIHFIELZ) — D5 BT P2 o7u—7y JEFETH Y, FIEERT —Kg,
Lo TPHICHOAL I EHFTES. P2 OEMBOGISRLOKTHL & 5 Eopish o K14
el,...,e5 lx, Sy DEN—VEEPicSy DHMMEEZRZ %L, PicS,~7Z0 L7 5.

—g(d—4)

F3E 1.1 ([5]) 4 & del Pezzo Hilii Sy FOEEDOHEF D& D ~al -0, bie; (a,b; € Z) LFEER
b IOk g‘, 6 O@?g%&@‘ff‘ﬁ (a;b17b2,b3,b4,b5) D @@*?%&H¥U\, D ~ (a;bl,b27b37b4,b5) k?%
. Fl EEO DKL, FOREER

by > by > b3 > by >bs 2 a>by +by+bs (1.1)

723 L) #L P2 OTa—=T v T 1 Sy —» P2AFEEL, TOEK {Le,...,es} (BT B
Bx D OIFEREIFEE V).

HTH 1 e; (1 <i<5) IRROKHEE DD :
=1, e=-1, le;=0, ep.e;=0(#j).

B2, BT D~al— Y bie; (a,b; € Z) DHCKRELIE, D*=a> -3 _ b2 Ths.

PR T —Kg L O REH 1 & 2268 % del Pezzo I L OEM & EFT 5. del Pezzo
T FOEMIE PP WOEME 2D, #HH Lo (—1)-M# & %2 5. [6] © Proposition IV.12 £V, 4 %k
del Pezzo Ml FOBEMD 7 T A1, e (i =1,2,3,4,5), 1—e;—e; (1<i<j<5), 21-Y"_ e

YEEND, CRLOMEREEE EZ AR R, (08, [ ROl s L, ZoRMEE
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DEHZ% %, 4K del Pezzo M EOHIH C 12K LT, [ BMOBEMDH 6 o K, [II] MOEMDH H
y &, (I OBEMRD ) 6 2 KA C @ trisecant line 2% 5 L &, C % (z,y,2) WOBIREIFAZ &I
4. DUFCIEMmE Sy FoEREERDOEST 27 7 A%FE—HT 5.

1 EHROHEHEEL L ORI

gl HHLO 7 T A ERORE
1] e(i=1,2,3,4,5) 5
] [1—e;—e;j(1<i<j<5b) 10
[111] 21- 37 e 1

DT O 1.2 ARG L O FAERTH Y, trisecant line @ﬁiﬁz#ﬂt% WX, O R
PEAHINL Z e 2RSS, LT, MifIOTzEm i & v 2132, (4 1K del Pezzo M Fod) FEFERBER
At e L, 22RO trisecant line &\ 21X, Mi# & TH 3 T b b P NOEM (HFFEOFED
trisecant line) % EMKT 5.

EI 1.2 4K del Pezzo Ml FOZEMMIHE C © 7 7 ADEEMEERER (a; b1, ba, b3, by, bs) ET B EE,
trisecant line 2% 6 KL ETH UL, ROWTN2DHILT 5.

(1) trisecant line A3 16 & & = 2l 7 7 2%, (5,10,1) B (9;3,3,3,3,3) TH 5.
(2) trisecant line 2% 10 A& 2 5 HI#ED 7 7 A%, ROVWTNPTH 5.
(i) (0,10,0) D 2a+ 3;a,a,a,a,a) (a=0,1,2)
(i) (4,6,0)# (9:3,3,3,3,8) (8=0,1,2)
(3) trisecant line 7° 8 K& 2 Z WD 7 T AL, ROVFTNNTH 5.
() (L6,1) M0 (26+3:3.6.6.6.6) (5=12)
(i) (2,6,0) %0 (51 6:3,3.6.6.5) (5=0,1,2)
(i) (4,4,0) B (o +6;0,3,3,3,3) (o> 4)
(4) trisecant line 78 6 K& 2L HIHD 7 7 XL, ROWITNHTH 5.
(i) (0,6,0) D 2a+ 3;0,a,0, 0, 8)  ((a, B) = (2,1),(2,0),(1,0))

(i) (0,6,0) & (284 3;0,8,8,8,8) ((o,8) = (2, ) (2,0),(1,0))
(iii) (0,6,0) B (a+ B+ 350,00, 8,8)  ((, 8) = (2,1),(1,0))

(iv) (0,6,0) HD (a+f+3;0,0,58,8,8) (o, 8) = ( 1),(2,0), (1,0))
(v) (2,4,0) Bo (8+6;3,3,8,8,7) ((8,7) =(2,1),(2,0),(1,0))

(vi) (3,3,0) B® (a+6;0,3,3,3,8) (a>4,0<8<2)

(vi) (3,3,0) B (9:3,3,3,0,8) (2>a>5>0)

¥FIZ, trisecant line O AR¥EAY7,9,11,12,13,14,15 K& 7% 5 WHHIAFAE L 22\,

ER 1207 7 ABTHMSHEET 5 2 &1, BH#EEICET 250 (1.1) IZmATh; >0 &
a>by Zii7=-3T 2 EmbEIND. F/ZN0OMENEH 1.2 TH 2 5NARKEOD trisecant line %
FEBICET LY, ME23 »5b2s. FHEOMLIRY CPHEl#HzE 0 <) 2Rl L, 20
trisecant line DHEBFDOARF % FHH L 725617098134 7% , L Berzolari DR 7% & DOIFATHISE % i
IERTHD EHITEDND. W EHIZBNT, EEEIIAEMA» OB 0 DETH L LIET 5.

2 [ %o trisecant line & i oD k8 s

AEITIX, EHEOHHO-OOMEMEITH. T3, 4K del Pezzo T Sy EDOHIHD trisecant
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4 ¥k del Pezzo BHIH _E D ZEF HIAE D trisecant line DARELIZ DWW T

line (%, (4 ¥ del Pezzo) Wi L 16 ADERICERS = L DFFHE1T) .

128 2.1 4 &k del Pezzo i Sy FOHIKED trisecant line 1%, (4 ¢k del Pezzo) HHTH FOEHEIZIRS.

PR S, LB A C O trisecant line 2 1 £ $AE, CLID3IOOXEIL, EHHRIZEL LI %
FEEOFH PIZEEINE. Sy 2 50HEED 2 GEME Q & P 0@y PN Q i 2 kKIS
B P P LRI PAQ & 1123 HTAbSZEIZAY, "X—0%MIZLY), [C PAQ ¥
A FoT, LIRS EEDEEO 2WBIE QICHEENLDT, 1C Sy t%hb. O

EH 1.2 OFFHEZ 35 BT, [ B o trisecant line DABIZEHT A2 EAEETHL. LIFT
(&, [I] #0 trisecant line DARBAZ WIGEOWMMD 7 7 A0 53 24T . [I1] BOEMAH Sy Lo
O trisecant line (2% % & &, W OIEHEREER trisecant line DAEUILNT O X9 LHfilf & 521F %.

##HRE 2.2 4K del Pezzo W Lo Z2f MM C 7 T A DOEH#ERE L (a;b1,b,b3,b4,b5) ETH L X,
KA SO
(1) 1DESLNFOMBER %L 5,k 1L, Eil—e; —e; & 1—e; —e, 7332 C O trisecant
line & 7% % 7% 51X, b; = by, 29D 2D,
(2) HI# C @ [I1] #1o trisecant line 2SFAET UL, TOEREn iEn <10 THY, 72D, n #5,7,8,9
w7z,

FEEA  LLF, trisecant line %, C O trisecant line &35, (1) /R, Eitl—e, —e; L 1—e;, — e
73)3\:/H\:L: Hﬂf(ﬁi C~ (a; bl, b2, b37 b4, b5) @ trisecant line 72 % Li,

CL*bifbj:C.(lfeifej):310.(1761'76[6):[17@71)]{

£n, bj = by NS RAIRYASS
(2) ZR$. TARL LD [II) 210 trisecant line AFFET 5 ERGET 5. [I] B trisecant line 78 7
KbsbedhE,

3:C.(1—ei—ej) :a—bi—bj Mg € {1,2,3,4,5} Mo i< g (2.1)

L% b (i,§) DM TS HDT, by,....bs £\ 5 HEOKAF 14 HBNL. oL X, BOE
BEY, ok (21) oz 3R EBID by, (k€ {1,2,3,4,5}) #3474 L b 1 OFETHI LIS
A ZOZkXIy,

3=a— bk1 — ka
= a— bkl — ka
=a— bkl — bk4 (kQ,k‘g,k4 c {172,3,4,5} \ {kl}, ko < ]i}3 < k4)
t?%j_: &753‘/(“%, (1) X b y bk2 = bk3 = bk4 fﬁﬁk‘y) jﬁo :@t g‘, l—ekl—ekz,l—ekl—ek4,l—ek1—ek4

D 3 AKX, [ B trisecant line TH 5. F72, ks € {1,2,3,4,5} \ {k1, ko, k3, ks} ET 5 &,
{k1, ko, ks, kg, ks} ={1,2,3,4,5} £ 7%= 5.

(i) 1—e;—e; 28 [] Bl trisecant line TH 5 &) % 0,5 € {ko, ks, ka} (i < j) B2 e 1HAF
T 5EE, 1—e —e; b trisecant line 20T, (1) £V, by, = b (= by, = b, = by,)
B WA, a—bi—b =3 (i.j € {kikeks k), i < §) ERBOT, B 6 KD
1—e; —ej (4,5 € {ki,ka, ks, ka}, i < j) 2° [II] BLO trisecant line & % %. 7 AL Lo [I1]
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Bl trisecant line 2SFHET % LIGEL TV H DT, D7 & b lIZ 1 R [IT] B trisecant line
P 2705, TE1—e, — e, (m € {k1, ko, ks, ka}) EEEIND. XoT, a—by — by, =
3= a— by — by (€ (k1 ko kg kad \ {m}) £, by = by (= by = biy = by = bioy) £ %
5DT, EED G, €{1,2,3,4,5}, (1 <j)IZWHLT, a—b—b; =3 &%V, [II] B trisecant
line 13 10 K& % 5.

1%, EMHEDPHHRO trisecant line 2% > TW R EZHEALL 72O TH Y, FEH]OFNL % B
S B 72D L2V, EHHL L — e, — ey, (i < j) A% trisecant line & 2% £ &, £D k;
Tk FIHIZ2 20508 2R ALT, iDL ERL TS, KENIFEH O A 7 v 7I5%¢
IBL, ORFIOAT v 7T trisecant line Tdh 5 Z & AHEE L72EAIIHIG L, (AIKDOAT v T
TH7212 trisecant line TH 5 Z &35 EMIIKINT 5. PIEOFEHIZE W T FEEOX % H
W5,

ki |ky | ks | ky | ks ky | ky | ks | ky | ks ki | k2| ks |ky|ks
ky O|0O|O ky O|0|0 | ky O|0|0|0O
k| (N |O|C :> k, OO0 | |_> k, O|0|0O
k| | N\ ks ORE®! ks OO0
ky kel | | | N\JO ky O
ks ks ks

1 (i) o%E

(i) 1—e; —e; #° [ B trisecant line TH 5 & ) % i,j € {ko, ks, ka} (i < j) DHFAEL 7%
WwWeTaE, KD 4AKD ) B trisecant line (&£, 1 — e, — ex, (m € {ki,ka, ks, ka})
LEEND. EoT, a—by by =3 = a—by, —by, £D, by = by, ThD. T,
@by — by, =3 = a—by, — by, £V, by, = by, THHDOT, by, = by, = bay = by = by &
BB, WA, LED G j € {1,2,3,4,5), (i< ) IHLT, a—bi—b =3 Lz, [I]Ho
trisecant line 13 10 A& % 2. (M2 ZH)

ky | ky | ks | ky | ks ky | ky | ks | ky | ks ky | ky | ks | ky | ks
ky O|0|0|C ky O|0|0O|0O ky O|O0|0|0
k, O : k, Siielxe) : k, O|0|0
ks O ks| | |\ O O ks OO0
ky ky O k, O
ks ks ks

2 (i) o4&

L72h3oC, (i), (i) £V, 7HRLED 1] Bl trisecant line FFET 5 & &, [I1] O trisecant line
F10RKER B,

A7 &b 5RO [II] BLo trisecant line AFAET 5 EAGES 5. [I] Bl trisecant line 755 Kd %
LY D e, S (21) B2 (b, b)) OMASHHL. ZDEE, by,... by £\ 5 FEHEHOHDFE
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10 FBIND S EI2hBh, BOREBMEY, £COby,... bs 752 AFOBNZ72, 3 EL LB

bi, (k1 € {1,2,3,4,5}) 2% &d 1 DT 2 hOVT NN L 2D,

(i) 4COby,... by A2 MFOBNL E X, aby,—by, = a—by, —biy = a—bs, —bi, = a—bs, —bi, =
a—biy — by, =3 ({i1, 2,5, 00,05} = {1,2,3,4,5}) £%20, (1) £, by, = by, = by, = bs, = b,
Fhbb, by =by=by = by = by ERBDT, FLED i) € {1,2,3,4,5}, (i < j) KHLT,
a—bi—b;=3 &7, [II] B trisecant line (¥ 10 K& % 5.

(iv) 3MPLEHND by, (k€ {1,2,3,4,5}) 247 e b 1 OFET S L &,

3:0,71)]617bk2:a7bklfbk3:a7bklfbk4

DY D KD % koyks by € {1,2,3,4,5} \ {k1} (k2 < k3 < k) DHFET S, (1) &
D, by, = e, = by, BN O, S5, ks € {1,2,3,4,5)\ (ki ko ks kadl T D&
{k1, ko, ks, ka, kst ={1,2,3,4,5} £ 5. 580 2 4KLL Lo [IT] B D trisecant line D) 5, 47 <
EL1IRIL, 1—e;j—ej (i,) € {kay ks, ka}ti < j) EERENDD 1—e,—ey, (m € {ka, ks, ka}) £F
ENDZPONTNNTH S, (IKIZ, trisecant line H5%) 2 KT, 2KD ) LD 1 KD 1—ey, —ey,
Thofzb LTH ) 1 RFEROVTN,ICE S, )
(a) 1—e;—ej (1,5 € {ko, ks, ka} i < j) £FEIND [II] D trisecant line 737 { &b 1K
TAEFTHEE, a—bi—bj=3=a—by, —b; 21, by, =b; (= by, = by, = bp,) £ 0, fE
B i,j € (ki ko ks kad (1 <) VW LT, a—b—b; =3 £%D, Fl kb 6K [
o trisecant line 23FET 5. (X3 )

ky | ky | ks | ky | ks ky | ky | ks | ks | ks
ky O|0|0 ky O|0|0O
k; O10 ks 0|0
ks O :> ks O
k4 k,
ks ks

3 (iv) (a) DHBE

(b) 1—e,, —ek. (m € {ka, ks, ka}) LTSNS [II] Bl trisecant line 7347 < & & 1 KAFFET
BEE A by =3=a—bg —bm £V, by = by EHBDT, LTOm € {ka, kas ba}
XL, a—bp—by, =3 kD, koT, HEED € (ki ks}j € (ko ks, ka} \ZH LT,
a—b;,—b; =3 &%=, L% EHE6AD I B trisecant line BHFIET 5. (M 4 ZHH)

L7223- T, (iii), (iv) £V, 2% L d 5 KD [II] B trisecant line FEET 5 & &, 6 KL LD
[IT] # o trisecant line 25FHET 4. LLEDZ & XD, 4K del Pezzo il Sy Lo i#R C o [11] Bl
trisecant line DA n 12 0<n <4 F/2En=6,n=10 ZH/z7. O

4 K del Pezzo M EoZEf ik C L EEHELA GO TTE n M (n > 0) TXb S HME n-secant line
LIER. $7%b B, trisecant line (& 3-secant line TH 5. C D7 T ADEMEEEREE (a; by, b, bs, by, bs)
D (b1, ba, b3, by, bs) DEBGT % 5 D4E (5),(4,1),(3,2),(3,1,1),(2,2,1), (2,1,1,1),(1,1,1,1,1) &%
DA %2 2R L7235 a1 IS S5 2 812X ), 2hh [II] 2O n-secant line DAREIILLT O &9
52615,
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ky |ky | ks | ky | ks ky | ky | ks | ky | ks
ky O|0|0O ky 0|00
k, O k, O
ks @ E:> ks O
ky O k, O
ks ks

M4 (iv) (b) DHBE

%8 2.3 4 K del Pezzo Mt Lo Z2flifR C @7 7 XA OREHEEREE (a; b1, b2, b3,b4,05) T HEE,
DFo X512, 510 Ao [I1] 10 n-secant line & ZNZNFHFOZ LD 5.

(1) H# (a; 0, 0,0,y ) (0 > 0) 1, [ D (a — 2ar)-secant line & 10 A+,

(2) HI# (a; 0, 0,05, B) (> B> 0) 1, [IT] D (a — 2a)-secant line # 6 &, (a —a — 3)-secant
line & 4 KFfo.

(3) HI# (a;0,8,0,8,8) (> B >0) &, [ E®D (a—28)-secant line % 6 &, (a —a — 3)-secant
line % 4 AKFo.

(4) HI# (a; 0, 0,0, 8,8) (> B >0) 1%, [II] BD (a — 2a)-secant line & 3 &, (a —a — 3)-secant
line # 6 A&, (a — 20)-secant line & 1 AFfD.

(5) M (a;0,,8,8,8) (> B >0) 1%, [ ED (a—2a)-secant line % 1 &, (a —a— 3)-secant
line % 6 &, (a — 28)-secant line & 3 AFFD.

(6) M (a;0, 0,0, 8,7) (> B>~ 2>0) &, [ ZED (a— 2a)-secant line & 34X, (a —a— f)-
secant line % 3 &, (a — a — 7)-secant line 3 &, (a — B — 7)-secant line & 1 A&¥pD.

(7) B# (a;0,8,8,8,7) (a>8>~v>0) 1% [ E® (a — 26)-secant line % 3 K, (a —a — f)-
secant line % 3 &, (a — a — v)-secant line % 1 &, (a — 3 — 7)-secant line & 3 K¥gD.

(8) IR (a; 0, B,7,7,7) (> B>~ >0) %, [II] B1D (a—2v)-secant line & 3 4, (a—a—[3)-secant
line # 1 K, (a — a —~)-secant line # 3 A&, (a — B — 7)-secant line & 3 AFfD.

(9) I (a;0,,8,8,7) (> >~ >0) 13, [II] BD (a—2«a)-secant line & 1 &, (a—23)-secant
line # 1 &, (a —a— f3)-secant line * 4 &K, (a — a —v)-secant line & 2 &K, (a— B — 7)-secant
line % 2 AKFo.

(10)  HI# (a; 0, @, B,7,7) (> B>~ >0) 1%, [ B D (a—2a)-secant line & 1 &, (a—27)-secant
line # 1 &, (a—a— f)-secant line # 2 A&, (a —a —y)-secant line & 4 &, (a — 3 — v)-secant
line & 2 KFfo.

(11) R (a; 0, B, B,7,7) (> B >~ > 0) %, [II] B D (a—23)-secant line & 1 &, (a— 2v)-secant
line % 1 &, (a —a— B)-secant line % 2 4, (a — a —v)-secant line & 2 &K, (a — 3 — )-secant
line & 4 AFFD.

(12) ## (a; 0, 8,7,0) (> B>~ >6 > 0) 1, [ B (a—2a)-secant line % 1 A&, (a—a—B)-
secant line & 2 K, (a—a—-y)-secant line & 2 &K, (a—a—0)-secant line & 2 A, (a—f—~)-secant
line # 1 &, (a— B —d)-secant line % 1 X, (a —~y — d)-secant line & 1 AKFfD.

(13) iR (a; 0, 8,8,7,0) (> B>~ >0 >0)1F, [II] BD (a—20)-secant line & 1 X, (a—a—[)-
secant line & 2 K, (a—f—+)-secant line % 24, (a— [ —J)-secant line Z 2 A, (a—a—~)-secant
line # 1 K, (a— a— §)-secant line # 1 &, (a —~ — d)-secant line & 1 KFfD.



4 ¥k del Pezzo BHIH _E D ZEF HIAE D trisecant line DARELIZ DWW T

(14) MR (a; 0, B,7,7,0) (@ > >~ > >0) %, [II] B (a—27)-secant line & 1 &K, (a—a—7)-
secant line & 2 K, (a—[—-)-secant line % 24, (a—~y—0d)-secant line & 2 &K, (a—a—3)-secant
line # 1 &, (a— a— §)-secant line # 1 &, (a — 3 — J)-secant line & 1 K¥fD,

(15) MR (a;0,8,7,6,9) (> B>~ >6>0) &, [ ED (a—20)-secant line & 1 &, (a —a—9)-
secant line & 2 K, (a—f—0)-secant line & 2 K, (a—vy—0)-secant line & 24, (a—a—f3)-secant
line % 1 &, (a —«a —)-secant line % 1 &, (a — B — v)-secant line & 1 A&,

(16) M (a;0,B,7,0,¢) (a >B>7>06>e€>0)1%, [I#D (a —a— B)-secant line % 1 &,
(a — o —v)-secant line # 1 &, (a —a — d)-secant line & 1 A&, (a — o — €)-secant line = 1 7,
(a — B —v)-secant line # 1 &, (a— f — d)-secant line & 1 A&, (a — 8 — €)-secant line = 1 7,
(a — v — §)-secant line & 1 &, (a —y — ¢€)-secant line # 1 &, (a — § — €)-secant line & 1 &

Fo.

FEER BEHEEOLM a > by +by+b3 LD, a—b —by > b3 > 0THH5DT, IEED
ij € {1,2,3,4,5) X LT, a—b —b; >0 CThs. BMEE (a;by, by, bs, by, bs) % b2 M
i, LB i € {1,2,3,4,5) (i £ ) SR LT, [ MOBES]—e; —e; & (a— b — b)) HTRb b,
EoT, (1) OFHEERE (a;a, a, a, o, ) (a > 0) ZFOMIFRIL, (a — 2a)-secant line & 5Cy = 10 &
Fo. (2) OBBERE (a; 0,0, ,a,8) (a > > 0) ZFROMMIE, (a — 2a)-secant line % 4Cy = 6
K, (a —a— f)-secant line & 4C - 1C; = 4 KFpD. LUFRBRIC L T O RIENLN L. O

M 2.3 O (1) 725 (16) ©H B, [II] B trisecant line ODRATE 6 KL 2bGE52E 2 5. 2
DHE, WO BEIEEE (a; by, by, by, by, bs) 128\ T by, by, by, by, bs D 5 DOMOHLY Jil, KOHE
24 X0, 4O UEASHNL 2, 3OO LfEE 2 DO LESHNLL LOVWT AN THL. b
OFEHEREE QLI D 7 5 A) ZR—=H—ORIZAITT, FRFNT+—H— KB TNy B
LN

78 2.4 4 K del Pezzo M EoZE# fi# C A%, [II] 40 trisecant line Z JTE 6 Ab2L &, C D
FRAERAR L,
(2a+3;a7a’a’a7/8)7 (2/B+3;a’6’/87/8,/8)7

DWTNDITE L\,
FEER  HiRE 2.3(2),(3),(4),(5) £ 1, e
(20{+3;O{,O{7OZ,04,B>7 (26+3;a76a67676>7
(a+ﬁ+3;a)a’a?ﬁ7ﬂ)? (a+6+3;a,0&,ﬂ,ﬂ,ﬁ) (a>520)

zROMBIE, 6 Ko [II] 4O trisecant line Z >, 72, 2 6 AD [II] AL trisecant line %
FEOMBUIMIAETE L 2. B2, (6) DWED 6 A0 [ B trisecant line ZF> & 45 &,
a—2a=a—a—-pBXlFa-2a=a—-a—-—vXlda—-a—-fB=a—a—vy&%5M, Thida>F>y
WHEYT 5. ORGSR a, 8,7,d,e DRNBEERIZTIES 2. O

AE 2.5 241280, [ B trisecant line DARKASTEE 6 RIZ7% 5 7% 51E, (by, ba, b3, by, bs)
E, T A=A — FEA T UAm 2B Th 545, WIFIEL < v, FEPE EERER (10;1,1,1,1,0),
(10;1,1,1,0,0) {& 7 + — A — FEIR 7 Uy AT H 5755, [ BD trisecant line IZFFTE L %\,
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i 2.3 O (1) 75 (16) ®H B, [I1] Blo trisecant line DA T 4 R 2256552 5. 1]
B trisecant line DA T 6 RE L AE LR L LI ICHERETAIENTE T, MIEOZLENE
EAXROME 2.6 DEIIZT 4 —H— FE V—~RTHE Z)—Hh—KBLLZ

~

78 2.6 4 K del Pezzo M EoZEHM#E C A%, [II] 4 0 trisecant line Z JE4 AKboL &, C D
TR,

(a+5+3;a,a,a,a,ﬂ), (a+ﬁ+3;a,ﬁ,ﬁ,ﬁ,5) (0(>620>,
(28+3;0,8,6,8,7) (a>B>y>00228=a+7)

DWFNPIZE LW,

FERR Al 2.6 TH-2 b N7z 6 HDORERED ) &, R OFEEBEZ R &, #ii#E 2.3(2),(3),(9),(10),(11)
L0, WA 4 RO [II] B trisecant line 222 LIIH SN TH 5. REDFEAERE 2 FFO ML,
ME23(T) La—28=a—a—y=3%D, 4K [[I] D trisecant line & FF>.

Wz, H#DY 4 RO (1] B trisecant line 2 EAET 5. i 2.3 D (1) 25 (16) DENL
NOWEITBWT, [ B o trisecant line WEHET AR E LR DLEIIOVWTER L L, #i#E 2.6 D
6 O DOWE DI OREIEERED WFR L, «,B,7,0,e DR/NBREHE 2.2(1) £, THE 44K0 1) #o
trisecant line Z#:727% . BIZIX, (6) DHEDTE 4 KO [II] 1 0 trisecant line & #:2 EAES
5L,

a—2a=a—-f—-—y=3Nda—-a—-fF=a-p—v=3XdTa—-a—vy=a—p—7=3

B O, a> B>y IIFETS. O

3 EMROLW]

KETIE, EE 1.2 T 5.

FEBR DU, [H] 210 trisecant line OAKUZ XV, HETTIZL o TREMT 5. 9, [II] ZOEH 10
R RTH trisecant line & 2 2HA4EZ D, TOLE, MiEH22L), AED1<i<j<5IIxL
T obi=b;THY, C(l—e;—e))=a—2b;=3Th%s. EoTh=aktBll ZOMHREDI T
ADBMBEREL, 20+ 30, a,0,a,0) &% b, Tz, BREEOGFME a>b+ba+b3 £V, 3>«
Thb.

Aa=3DLE a=2+3=9%t%Y, TONMOEEEREL (9;3,3,3,3,3) Ths. Lo
T, EFEND1 <i<j<5IHLT, Ce =3%DT, [I] Bl trisecant line £ 5 £H 1,
20— 30 b = C.(21-0 e) =3 KN EOOT, [ MOEMK 21 — 327 e b trisecant
line (27 5. W22, BEHEFEERE (9;3,3,3,3,3) & b oMiiRi%, (5,10,1) B &2, M oS TOBEK
A% trisecant line & 72 5. (EH 1.2(1) D%ETHS.)

a<20LE, BEEREL 20+ 3;0,0,a,0,a) (@ =0,1,2) THED, Ce;=b;=a#3%D
T, [I] o> trisecant line (¥ 0 AKX 7% 5. [ HOBMIZH LTI, a#3 &0, C.21-Y"_ e) =
2a —5b; =2(2a+3) —ba=6—a #3 &% AHDT, [ O trisecant line IF 0 & &% 5. LoT,
BEEEFERE 200+ 35 o, o, o, o, @) (o= 0,1,2) 2 b OMlifiE, (0,10,0) oMM TH L. GEH 1.2(2)(1)
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DBETHS.)

A2, (] B trisecant line 78 6 K& 22642 % 2 5. fif 24 X0, TOHMBOEEREL,
Tx == FH 20+ 3,0,0,0,0,8), 26+ 3;0,8,6,3,8) (a > >0), bLIE7nm/NT AR
(a+ B+ 30,0,0,8,8), (a+ B+ 30,0,3,8,8) (a > >0 OVWITFNLTHL. EHEHEIED
(b1,b2,b3, by, b5) OFFITEH LT, IO OEEREEZ 22 [4,1] 8, [1,4] 7, [3,2] B, [2,3]
BIEERZ EIZT 5.

[4,1) B B 20 + 350, 0,a,a,8) BB DOMBO 7 T AIZOWTEZ L. BEHEED LM
a>b+ba+b3 &, 204+3>3a%DT, a<3&ib.
a=30t %, HH#EERT9;3,3,3,3,8) (8<3) ThHss, ZoLtZ, [ trisecant line
XAART, B#3&D, 20— bi=6—#3%DT [II] MO trisecant line 13 0 A &
Bh. W, B (9:3,3,3,3,8) (8 < 3) & bW (4,6,0) HOMETH S, (EE
1.2(2) » (ii) D¥HETH 5.)
a<20bE, BEEEL 20+ 3;0,a,0,a,8) THDBD, 3>a>F &0, [I] B trisecant
line (X 0 & T, C.(21— Zle €)=202a+3)—4da—-F=6—0#3 &y, [II] FD trisecant
line 13 0 K TH 2 DT, BEEE 20+ 3,0, 0,0, 0, 8) (2> a > B) &b 2Mli#iE (0,6,0) B
O THS. (EH1.24) © (1) DHETH5.)

(1,4] B4« BRAEEAR (28 + 3;0,8,8,8,08) € b 2MI# D7 T ANZOWTE R 5. HEEE DKM
a>bi+by+bs kD, 28+3>a+28%DT, a<3Eid
a=30t %, EEERX(26+3;3,8,8,8,8) THH, 3=a>F &Y, [[] B trisecant line
iX1ART, C.(21- Z?:I €)=2026+3)—-3-48=3 XV, [III] E®D trisecant line i& 1 AT
o, LhL, f=00LEE350 2%kl (~ (1;1,0,0,0,0)) ODILLHD 7 T A L% b0
T, BIHMO 7 5 A TR, k5T, B4 040T, EEEE (26+3:3,58,8,58) (8 =1,2)
232 (1,6,1) HoMi#TaH s, GEH1.23) D (1) DHLETH L. )
a<20bE, FEEET (204 3;0,8,8,8,8) THY, 3>a>p &0, [ BD trisecant
line I 0 AT, C.(21— 25’:1 €)=2126+3)—a—-4=6—a#3 &y, [III] D trisecant
line X0 K Ch s, LT, BEERE (2643;0,8,6,6,8) (2> a> )% b, (0,6,0)
MO TH 5. GEH 1.2(4) O (i) OHBETH5.)

[3,2] Bl : FRHEEFERE (o + B+ 3,0, 3, 8) b OHMID 7 T ANZONWTER L. EHERED S
a>b +by+b3 LY, a+8+3>3aT, 20 < B+3 < a+3PWHID. fitoT,
3>axfid. AUEAELLS (o,f8) = (2,1), XiE (o, 8) = (1,0) AEL Y 2>, fFE
Bl (a+ 8+ 30,0,0,8,8) THYH, 3>a>pL0, [I] D trisecant line 1& 0 & T,
C.21-Y7 e)=2(a+8+3)—3a—-28=6—a#3 &b, [III] MO trisecant line (% 0
RKCThHb., LoT, BEEE (a+B+3a,a,0,0,8) (o, B) = (2,1),(1,0)) = b DI,
(0,6,0) BIOM#TH 5. (EH 1.2(4) @ (iii) OHBATH 5.)

(2,3] B B (a4 B+ 30,0, 8,8,8) x b 2MMD 7 T AN OWTER L. HEREED G4
a>by+by+b3 &V, a+B8+3>2a+87T, a<3&k3.
a=30k &, FEERL(84+6;3,3,5,6,8) THH, 3=a>F LY, [
X2AT, C.(2-30_e)=2(8+6)-6-38=6-8+#3 %N, [
ZO0KRTHS. LoT, HEERE(+6;3,3,6,6,0) (8 <2)%d20i#iE, (
THhH. (EF1.2(3) D (i) 0HETH 5. )
a<20L X, BH#EEL (a++3;0,0,8,3,8) THY, 3>a>p L0, [I] B trisecant

5

B

1o trisecant line

=

B

D
1o trisecant line
2,

6,0) o> iR
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line 1 0 AT, C.(2A-Y0 &) =2a+8+3)—20-33=6-5+#3 %D, [II] &
trisecant line 1 0 A Th 5. L oT, BEEE (a+8+3;0,0,8,8,8)2>a>p) ZdbD
AL, (0,6,0) MO TH L. (GEH 1.2(4) D (iv) DHETH5S.)

KA, (1] BB 4 A7) trisecant line & 2252 E 2 5. i 2.6 L1, €0 X9 Rl oOEREE
JEREE, 74— — FElO

(Oé+ﬁ+3;0¢,0é,0{,04,ﬁ), (a"’_ﬁ—"g;aaﬂ)ﬁ)ﬁvﬁ) (Oé>6>0)

ik, v—x_T7E®

(a+B+3a,0,8,8,7), (a+v+30,0,8,7,7), B+v+3:a,6,8,77) (a>p>~v>0)

XiE, A)—h—FHo»
(28+3;0,8,6,8,7) (a>B>y>00228=a+7)

DTN THL. TNOLORBEREL 2N [4,1) B, [1,4) 8, [2,2,1] 8, [2,1,2] B, [1,2,2]

BO[1,3,1] BlE . [I1] BUoD trisecant line 25 4 A7 DT, trisecant line 7% 6 ALL & 72572912

X, A< L b 1] o trisecant line 25 1 KL L2 IF TR 62w, T4bE, 7xr—h— FHOL X

a=3NEB=3NEYE, V—R_T7TELGIRA)—A—FEDLEa=3N1ZBA=3NiTy=37

BARVASH

(a) [4,1) BOBEEE (a+ 8+ 30, 0,a,a,8) B OMBIZONVWTE L. BEHEERED S
a>by+by+b3ED, a+B8+3>3aT2a<pB+3<a+3¢%D, 3>asZbDT, it
T 5.

(b) [1,4) OB (o + 8+ 3;0,8,6,8,8) &b 2OV TEZ 5.

B=30tE, BEERZ (a+6;0,3,3,3,3)(a>3) £%5D7T, [I]EO trisecant line 1 4
RTHY, C.(2A-30_e)=2+6)—a—12=a#3 XV, [II]HO trisecant line I 0 4
L% BDT, BEEE (a+6;0,3,3,3,3) (a > 3) b oMi#ix, (4,4,0) Ho#HTH 5. (B
1.2(3) @ (iii) D& ’CZF)% )

a=30Lx, R , (B+6;3,8,8,8,8)(B<3) £%bDT, [I] B® trisecant line 13 1
KThb, C.(21— Zi:l ei) =2(+6)—48—-3=9-28+#3 k1, [III] #D trisecant line 1Z
0ARELDDT, BHREE (8+6;3,8,8,8,8) (B <3) &b oMi#tiE (1,4,0) BITH Y, trisecant
line 25 K&, FIFIZKT 5.

(c) [2,2,1] BOBEER (o + 8+ 35,0, 8,8,7) D OMMBIZONWTE R 5. HHEEED FMF
a>by+ba+bs &V, a+8+3>20+8T3>al%b.
a=3c7%l, BHEEEL (+6;3,3,8,8,7) £%5DT, [I] O trisecant line (£ 2 K TH 1),
C.2l-30 [ e)=2(B+6)—6—-28—7=06—~#3 £, [III] B trisecant line I& 0 4 & 2
% DT, BEERE (84 6;3,3,8,0,7) (3> 8 >v) &bolli#iE, (2,4,0) Boli#HThs. (EH
1.2(4) © (v) OBETH5.)

(d) [2,1,2] HOBHRERE (a+v+ 30,0, B,7,7) (> >7) 25 DOMHEICONTEZ L. FHERHE
BOFEMta>bi+ba+b3 &0, a+7+3>20+8Ty+3>a+B>a+yPEIPNLDOT
FMCT 5.

EIREIZ, [1,2,2] BIOBEREEE (B 4+ v+ 3;0,8,6,7,7) (> B > v) &b 2HI#RICOWT, HEEidEE
BOFRMND 3> aPBEIPNLOT, FHIT 5.
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(e) [1,3,1] BIDREHE AR
28+ 3;0,8,8,8,7) 2B=a+y P2 a>B>v2>0)

L OMMIIONTEZL, TOLE, FHHREREDOENa>by +ba+b3 &0, 28+3>a+20
T, 3>at%h), a=32%). [I] B trisecant line I3 1 AT, [III] B trisecant line &
2028+3)—a—33—(28—a)=6-F>3%h 0KRDT, (1,4,0)HE %0 E&HCKT2

Bz, [II] 4o trisecant line 783 KL T & 22 MARICOWTE LS. D& X [[] B trisecant
line 75 2 ARLLFAFTET 5.

[I] #4o trisecant line 7% 5 A& & 7 5 M OFFEAEREIEL (a,3,3,3,3,3) 72205, a#9 £ 0, [] B & [II]
R® trisecant line 133£12 0 A TH Y, 6 ALLEOD trisecant line 23fETE L 72\,

[I] 24> trisecant line 7% 4 A & 7% % {i# (%, [II] 210 trisecant line 780 K& % V), trisecant line O
REOEF 6 KLLEE 2570,

[I] B trisecant line 7% 3 K & 72 5 Hi# T, trisecant line DHEAY 6 ARLL 2% 5 i, [I] &
trisecant line 2% 2 KXIL 3 Kb 2865740 T, H#ifE 2.3(4)(5)(6)(7)(8) & h, FEHEEEFEDS,

(a+6;373737a7/3)7 (B+6;373737a75)7 (9;37373)a75)7 (a+6;a7/8737373)7 (/3+6;a7/8737373)7
(950,8,3,3,3), (a+6;0,3,3,3,8), (B+6;0,3,3,3,08), (9,3,3,3,8) (a=p2=0)

ERDBIGETD, NS OHR CTIEMEBIED M a > by + by + bg 72D by > by > by > by > by %iili/2Y
DI, (a+6;0,3,3,3,8), (9;3,3,3,0,8) D 2BY DHTHS.

B EE (o 4 6;0,3,3,3,8) (@ > 4,8 < 2) iF, C.(21-Y"_e) =2(a+6)—a—-F-9 =
34+a—-B>T7-8>3&0, (3,3,0) Bofife 55, (EH1.2(4) D (vi) DBETH 5. )

RS (9;3,3,3,0, 8) (3> a>B) 1, C.(2AA-Y" e)=9—a—F>3&D, (3,3,0) MM
s, (EH1.2(4) © (vii) DBAETH S, )

[1] o trisecant line 25 2 A& & 72 2 {fi# T, [1] & trisecant line %% 3 A&LLF T trisecant line DAt
A6 R EIZ R 2N D 2 DI, (2,3,1) BIOARTH Y, ZOFEMEEREL, TNy AR Y —
THE, 7Y RTHDARLZOT, M 23 L), TNy REL Y —XTHO

(2a+3;a7a7a73’3)7 (26_‘_3;3’376)/87/8)7 (9;&,&,3,377)’

(26—"373?37675”7)’ (Oé+ﬁ+3;0é,0(7673,3),
(27+373733537’7)7 (26+3;a’ﬂ,ﬂa373)3 (9505’3737737) (a>ﬂ>720)

DTN NT o RTEO
(a;a7a7ﬂ5775)7 (a;a757ﬂ7’775)7 (a;O&,B,’%’Y,(S), (a;a7ﬁ777575) (OC>B>’Y>(SZO)

DWFTNPIZRBH, TN T AT Y =T O 8IS BEREDO R 2z S hv. Ty
NTED 4 DOEEIZBWT, [IT] B trisecant line 253 K TH L7212, a—a—F<a—v—30 DD
a—a—y<a—pf—-04&0, a—a-d=a—F—y=3 bR TFNT%RSL\w. F7z, [I] & trisecant
line 252 KRTH2HDT, EREEDOFT2HEHNTLD a,B,7,6 DTN 123 LabiFuds
5w, LAL, WIhoORE b IREEEDOEME a > by + by + bs 27233, Lo &) o s
T AL 2. BLRIZ & o T trisecant line 25 6 AL B2 7% 2 RO GFHAET L, trisecant line
P37,9,11,12,13,14,15 K & 7% 5 MIFIIHFAEE T, F TR L 72 ERERE DAL O AR D trisecant line O
AEE S RKLUT L7425, O
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™

EE 3.1 FEH 1.2 T, 4K del Pezzo HiTH _EOZERHIAR D trisecant line D AREL D 554 % FE 1k HEFE %
HWTH 272 BEREEOSEM (1.1) 2 ZEETICHICHFOREE L L ChE, EBE 1.2 O R
%Eﬁ%ﬂﬁ'% 2:75)“(“2‘& 5. e,eq,e3 DIGEEIH LTS P2 E® Cremona Z#t% 4 ¥k del Pezzo Hiifi
IZBI X R L7z Pic Sy OEEA A + & 31U, 4K del Pezzo M LK T 1 eq,...,e5 1, 712X
DUTOLHICES NS,

7'(1):21—81—82—63,
T(e1) =1—ey —eg, 7(e4) = ey, (3.1)
7(62) _el — €3, 7'(65) = €3,
(03) l—e; — ey,
TR T, BistihR e, (1 <i <5) DHEMEHAVZ L, TRAEROEHR 12D (1) 5 (4) £ TO

trisecant line DRI FEDO WD 7 T ADFHHEIILTO L HICEENS

(1) trisecant line 7% 16 A& 2 2 MO 7 7 A%, (9;3,3,3,3,3) Toh 5.
(2) trisecant line 25 10 A& & 7% 2 i 7 7 A1%, (9;3,3,3,3,8) (3=0,1,2,4,5,6) TH 5.
(3) trisecant line 28 8 K& LMD 7 7 A1E, ROWTNHTH 5.
(a) (@+6;0,3,3,3,3) (a>1H2a#3)
(b) (B+6:3,3,8,8,8) (8=0,1,2,4,5,6)
(4) trisecant line 78 6 A& 2 LMD 7 7 AL, ROVWTNHTH 5.
(a) (¢+6;0,3,3,3,8) (a>207h20<F<2hD3#£a+#p0)
(b) (9;3,3,3,,8) ((a, B) = (4,0),(4,1),(4,4),(5,0),(5,2), (5,4), (6,1), (6,2) F72i%
2>a>p420)
ZC, 4 K del Pezzo Wil EOZEMMIFRE C O 2 T ADEE% (a; by, b, b3, by, bs) L ETH, T O
PRI OS2 3 L b7z S 2.

B 3.2 HE 31 TERINTWLHMHD Y I RIIFHEEE LIRS v, Fl2E, 8 1.2(2)(1) T
a=1tLEtzolior 7 A (51,1,1,1,1) &, ¥ 3.1 Tid trisecant line 7% 10 KD 7 7 X
(9;3,3,3,3,8) (8=0,1,2,4,5,6) IZ&HFNTWARWVWE ) IZAZ 575, Cremona ZIRAFHE S 2 HEE
e EHMOIZL T

(5;1,1,1,1,1) — (7;3,3,3,1,1) (7 2H9)
—(7;3,1,1,3,3) (HROBEZMET)
—(9;5,3,3,3,3) (1 HEi¥)
—(9;3,3,3,3,5) (HIBRORE )

ERBZ LY, (5;1,1,1,1,1) FEEEBED S 2072 S EERE (9,3,3,3,3,5) 12920, FE
3.1(2) oD 7 7 AIZEENS.

WfAIZHE 2 12B VT, 4K del Pezzo M2 & F 15 KEADT 3 k2 12 LT OZERMME D% 7 5 A
WZxf L, H#EOWRE d LTER g, BEMEEERE (a; by, bo, b3, by, bs), Z D7 7 AETHIFRATS D trisecant
line DA% R T.
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4 K% del Pezzo T LD Z2RHi#R D trisecant line D AREIZ DWW T

R 2 ERFEIEZ L O trisecant line DAL

(d,g) | (a;by,ba,b3,b4,b5) | (z,y,2) | trisecant line DAL
(3,0) | (1:0,0,0,0,0) | (0,0,0) 0
(4,0) | (2:1,1,0,0,0) | (0,0,0) 0
4,1) | (3;1,1,1,1,1) | (0,0,0) 0
(5,0) | (21,0,0,0,0) | (0,0,1) 1
(5,1) | (31,1,1,1,0) | (0,0,0) 0
(6,0) | (20,0,0,0,0) | (0,0,0) 0
6,0) | (3:2,1,0,0,0) | (0,3,1) 4
6,1) | (3;1,1,1,0,0) | (0,1,1) 2
6,2) | (421,1,1,1) | (0,0,0) 0
(7,0) | (3:2,0,0,0,0) | (0,6,0) 6
(7,1) | (3:1,1,0,0,0) | (0,3,0) 3
(7,2) | (4:2,1,1,1,0) | (0,3,1) 4
(7,3) | (41,1,1,1,1) | (0,0,1) 1
(8,0) | (4;3,1,0,0,0) | (1,3,0) 4
(8,1) | (3;1,0,0,0,0) | (0,6,0) 6
(8,1) | (4;2,2,0,0,0) | (0,0,0) 0
(8,2) | (4:2,1,1,0,0) | (0,4,0) 4
(8,3) | (41,1,1,1,0) | (0,4,0) 4
(8,3) | (5:3,1,1,1,1) | (1,6,1) 8
®,4) | (5:2,2,1,1,1) | (0,3,1) 4
®,5) | (6:2,2,2,2,2) | (0,0,0) 0
9,0) | (4:3,0,0,0,0) | (1,0,0) 1
9,1) | (3:0,0,0,0,0) | (0,10,0) 10
9,2) | (4:2,1,0,0,0) | (0,3,0) 3
9,3) | (4,1,1,1,0,0) | (0,6,0) 6
9,3) | (53,1,1,1,0) | (1,3,0) 4
9,4) | (52,2,1,1,0) | (0,3,0) 3
9,5) | (5:21,1,1,1) | (0,6,0) 6
9,6) | (6:2,2,2,2,1) | (0,4,1) 5
(10,0) | (5:4,1,0,0,0) | (0,0,0) 0
(10,2) | (4:2,0,0,0,0) | (0,0,0) 0
(10,2) | (5:3,2,0,0,0) | (1,3,0) 4
(10,3) | (41,1,0,0,0) | (0,6,0) 6
(10,3) | (5:3,1,1,0,0) | (1,1,0) 2
(10,4) | (5:2,2,1,0,0) | (0,4,0) 4
(10,4) | (6;4,1,1,1,1) | (0,0,0) 0
(10,5) | (5;2,1,1,1,0) | (0,4,0) 4
(10,6) | (5;1,1,1,1,1) | (0,10,0) 10
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(a;b1,...,bs5) (z,y,2) | trisecant line DAEL
(6;3,2,1,1,1) | (1,3,0) 4
(6:2,2,2,2,0) | (0,0,0) 0
(6:2,2,2,1,1) | (0,6,0) 6
(7:3,2,2,2,2) | (1,6,1) 8
(5;4,0,0,0,0) | (0,0,0) 0
(4;1,0,0,0,0) | (0,4,0) 4
(5;3,1,0,0,0) | (1,0,0) 1
(5:2,2,0,0,0) | (0,6,0) 6
(6:4,1,1,1,0) | (0,0,0) 0
(5:2,1,1,0,0) | (0,3,0) 3
(5:1,1,1,1,0) | (0,6,0) 6
(6:3,2,1,1,0) | (1,3,0) 4
(6;3,1,1,1,1) | (1,0,0) 1
(6;2,2,2,1,0) | (0,3,0) 3
(6;2,2,1,1,1) | (0,6,0) 6
(7:3,2,2,2,1) | (1,4,0) 5
(7:2,2,2,2,2) | (0,10,0) 10
(6;5,1,0,0,0) | (0,0,0) 0
(4;0,0,0,0,0) | (0,0,0) 0
(5:3,0,0,0,0) | (1,0,0) 1
(6:4,2,0,0,0) | (0,0,0) 0
(6:4,1,1,0,0) | (0,0,0) 0
(6:3,3,0,0,0) | (2,6,0) 8
(5:2,1,0,0,0) | (0,3,0) 3
(7;5,1,1,1,1) | (0,0,0) 0
(5;1,1,1,0,0) | (0,3,0) 3
(6:3,2,1,0,0) | (1,3,0) 4
(6;3,1,1,1,0) | (1,1,0) 2
(6:2,2,2,0,0) | (0,0,0) 0
(6:2,2,1,1,0) | (0,4,0) 4
(7:4,2,1,1,1) | (0,0,0) 0
(6;2,1,1,1,1) | (0,4,0) 4
(7:3,3,1,1,1) | (2,6,0) 8
(7:3,2,2,2,0) | (1,3,0) 4
(7:3,2,2,1,1) | (1,3,0) 4
(7:2,2,2,2,1) | (0,6,0) 6
(8:4,2,2,2,2) | (0,0,0) 0
(8:3,3,2,2,2) | (2,6,0) 8
(9:3,3,3,3,3) | (5,10,1) 16




EiEs

4 ¥k del Pezzo BHIH _E D ZEF HIAE D trisecant line DARELIZ DWW T

KL OPEIIDH 72, £ DYEZ L TW7272W 2R BA AR RS 7 R O IR ZAHEAHNZL

BISOPDEHOERZRL I Y. ERHROMIE L X OEZ D 5 720ICH 4% TR Z Wiz i v etk
DB DOINEHEH L BT

(1]
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Abstract

The mechanism of thermalization in isolated quantum many-body systems has been ex-
tensively studied through quantum chaos and the eigenstate thermalization hypothesis. Re-
cently, the Krylov complexity has emerged as a powerful measure to characterize operator and
state dynamics, with features such as its growth, peak structure, and long-time saturation
linked to the chaotic behavior. In this work, we focus on the long-time regime of the Krylov
complexity in the one-dimensional transverse-field Ising model and numerically calculate the
finite-size scaling of its temporal fluctuations. Our results show that the long-time fluctua-
tions grow polynomially with the Krylov subspace dimension, while their relative magnitude
decreases, implying that fluctuations become negligible in the thermodynamic limit. We
also discuss how the magnitude of fluctuations constrains the peak structure of the Krylov
complexity, which acts as an order parameter for quantum chaotic-integrable transitions.

Keywords: Krylov complexity, Quantum chaos, Thermalization
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1 RTCHERESH A 2 > TRENZ BT 5 7 ) a0 7HHEEO R W 5 X

MI BT LZERRIBIT L2225 VEBEHEBEO S & THEEALA ED LI IZEL D0 L) HE
&, WAL WERSINTEZ[1-3]. ZNFEFTICALEFREY AW EZBRIPIZEICNZ [4-7), #
WY BUERREZE D B < ATh T 5 [1-3,8]. BPE LD BAFIZ B\ TIIETRE 5 RATHLOIY 2
FEERIZLTEY, TRV F ARG, 10] R EA KRB (Eigenstate Thermalization
Hypothesis; ETH) [1-3,11-15] %2 &, ®&F 7+ AL EIEEZ 2 EHE R/ L& BaoB.G
FEE L TR E OMHEDSZCEEL T 2 20 &) IZIENT I TWeAs, TaE ClEIERE 7R
FHEY (Out-of-Time-Ordered Correlator; OTOC) [16,17] R = > ¥ ¥ 7V A ¥ P LY 1 E—[18,19]
EwvoZz, FIHEEOMFFHETIZE T 2 WML EIZOW T O R - EZBIICHS N TS, 2
P E ) BEELYHEEOMHEICN T2 02 BA T—HRMICIRAET 2 51F, FRErSZ=S
Y EEHIFEREIC & o TR OBRIAIERIZB W THM R IRENEZL L T G, D WniEng £
VI FRICBWTYHAEPERII CEME R EETFANEEIL TV BRE LTIRALIENTEL]
5. IO BT BT HHAONT, HERISEHZEO TW L0037 ) 1 78 (Krylov
complexity) &IFINLETH 5 [20-22].

7)u 7, BFESERICBTLEAETFISIERIT CEM R b ONERET 2T 22 5 181E
ELTEASIN:, HETHEETRIEEL L7V u7RKEHAVL L, 22BN L T v F 3 Ak
BUEE 0 2 BN AS BN 5 & ) IRFEASER 7z [20). S OEEM 2 IR5H I, R REET %
FKHT 2720 I IREBBNICE ORI ZEEFPLEII LD 2 ENZOERIIH Y, WHWIZIE
AT PIVEBOIRBEESCIES A ETH EHRPH 5 LEZ LN TWE, TR 2% EwiY
A D7201227 ) 0 7 EMEEDSEA SN, £ ORTEHERZTEORMBERIARLNLTNS. 47
FHE TS AR L TH - 7225 IREIZOWTo 7 ) o 7ML ER S Tw 5 22,23, &
FhHAANGRIZBNC Y 2 b =T Y =B S AF I A%2FE2 DL, 7)) 0 78RR
FRBBABIC K E B CTHIFICEMNL, 20H%® - <) LEd % L TREMEROERNZ 7T b —
NEFEDL, ZZIBNG Y= HESIETES RN 2L OTHY), THSRTIIE -7 PE LR
WZEnL, 7) B TEMEOY -7 2 m T A A AOBBEERE W3 2 EAMRESI N TV S [21].

AWIFETIE, FRCREEMEISICBITA2IREBICHETL 7 ) 0 7HEMMEIER L, 2OREMW 5 X126
TLHBTA XA =) v 7 ERPLPIITALI LR HNET S, RBICET 227 ) 0 7ML, 20
0 7RI BIT 2 EEE S L) SR AT OMFRME L L TERHTE 5. B8P LoTRIZE W
T, HAETORKEHRWS 2 L2 SFHET 2 AEXDPMONTBY), KfETIEI e 7 ) 0 7HE
DEFEHEFIEAT 5. S50, BEFAYYRIIHT2HMEFAELZELET, ZORERDPEDORES A
FNCHLDaWEES S, MR T, EREOLEDOREIZHLIEET LI LT, 7)) u 7HMED
V=7 B SICB L CRFHLICERT 5.

K LOWRIILTO®Y) Ths, 2HTII7IVa 7EEE 7)) 0 7HEMELEAT L. 3EHTIIY
HEORERMO S ZIZOWTOREREZH T, 70 7HEEOW S ZIZOoWTHERT 5. 48T
BAHETEICHWBEZHAT 5. 5 i CIEARRIETHE O N BIERH R O RIZOW TR T 5. 6 i
TRFLEORITH. HETIE, RN BHEFTEOM R Z R

2 zyuziKE 7)) a7 g

RETIRICRR [22, 23] 1IN, RBICHIT 2 2 ) 0 7 IR L IREEIC T 2 2 ) 0 7 B £ A



RETR A, L S

5. DT, INbzHIZ7)u7RKE 7 ) u 7HHME LD, h=10HRR% L5,

21 Va7

CITIRAERYA POERTFAE RO L) %, ARWIC (KT D) ORTFEEREHEZ L. 7U07
FIIHIREE [0) &IV =7 ¥ HIZH LT, X7 bVvo%Es {H™0)}, BT 5 2 & THEK
T2 ENMED. ag:= (0|H|0), by :=0 LEFEL, UTFORIHE- TRMIZZ ) 1 78K {|n)}
TEFRT D.

7)== (H = an)[n) = buln — 1), (1)
b1 == /(A7) 2)
n 4 1) = ) B, 3)
any1 = (n+ 1|H[n +1). (4)

SIT|R) BHBLENTOAWT LICEET 2. SRS r ) 0 7HEK = {|n)} SR ERHE
JExZ 2L, ap, by IRV EF—DRICEFD. a, ZNAS, b, % ZOEOIESF ARSI =ZE
AT %, 1RIGRICBITDMHEMEA L2 WVRICBIFANINVM=T V2R RS 5720, 201K
TEREZ )T 7 EDITR. B SNz O TRIEOKRITTE De L &L BRI ABED 2T UL,
D \Ze v M EORTE D IS L. Lo L, MBS RARESFAET 256, 700 755220
DRTCIE D < D %22 EDHY, 7)) 7#{HBERORITEBI T ) 7HEEEZES) L LT
O, by DEUIIL A0, ZNUEEREITER SN2, 72, DIFROY A ML LI L TR
BEMICKE W, D ZRAFEOFIIRE T 2725, RIFZE TR RWTIL, D R0 A ML IS
xf U TR R & v,
s)ua7ERETANT-EHEKCTREMTS

Dx

[n) = faslEy). (5)

j=1
CIT fo BODEREREREZE LY VITHIOTHERETH L. T2, |Ej)) 3NINVE=T
Y ERBEICET AT OREEARETH Y, 20700, jIZ20ToOMOfMEIZ1<j< D¢ &
L7z, 70 7 EERERT LR (1)-(3) V5 &, BRI f,; 250723 LT O bXA5 5
n5s.

(Ej - an)fnj = bn+1fn+17j + b"f"_lvj' (6)

=B, PIHIRES

0) = ¢|B)) (7)

J
YRESNDETDE, fo =c; BHD OB, AN EROBILROMMEIEE %S,
X (6) A EHA 2720,
E, := diag(E) — an, By — an, -, Ep, — an), (8)
) = (fars fa2s -+ s ) (9)
REAT L. ZIT fo; BLZF VITHIOFTIIERETH 5720,
(fmlfn) = Omn (10)
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1 RTCHERESH A 2 > TRENZ BT 5 7 ) a0 7HHEEO R W 5 X

MY D, b EHWS X (6) IF
En|fn> = bn+1|fn+1> + bn|fn71>

DX Wb (1)-(3) LMUBICEZELES

2.2 rvyu7EME

(11)

)R 7R ERT A0, $T 7 VR THREEICBIT A2 BEA S 2 ERT 5.

Di—1

n=0

7)) a 7BV, R ¢ 2B BAREE | (t)) = exp(—iHt)|0) I2B1F HHIfFEE LT

C(t) = (WOINT (1)) = Y nl(nle(t)?

LEFRSIND.
Bl t OIKREIX
(1)) = cje” | E;)
i
LEFZOT, TRER (13) ILRALTR (5) 2BV CHBET 2 &

2 2

Ct) = Zn

D Sniie ™ = 3 hnis
J J

w155,

23 REREFEREHY S E

(13)

WHLE DR ¢ 125 HHFRHME (Y (0)|O(t)) DI THEIT 2 '&OERMTH L RO S X2 5HH05
A72012, N T, BEHZAVEF—1ZHRD % <, IFLIESM (non-resonant condition) #7273 &
5. MBI D, Ej # E, (j#k) D00, 7z, FWEEME, B, —FE; = B, — E W
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